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Abstract. A model operator H corresponding to the energy operator of a system with 
non-conserved number n < 3 of particles is considered. The precise location and structure 
of the essential spectrum of H is described. The existence of infinitely many eigenvalues 
below the bottom of the essential spectrum of H is proved if the generalized Friedrichs 
model has a virtual level at the bottom of the essential spectrum and for the number A'^(2) 
of eigenvalues below 2 < an asymptotics established. The finiteness of eigenvalues of 
H below the bottom of the essential spectrum is proved if the generalized Friedrichs model 
has a zero eigenvalue at the bottom of its essential spectrum. 
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1. Introduction 

One of the remarkable results in the spectral analysis for continuous three-particle 
Schrodinger operators is the Efimov effect: if none of the three two-particle Schrodinger 
operators (corresponding to the two particle subsystem) has negative eigenvalues, but at 
least two of them have a zero-energy resonance, then this three-particle Schrodinger oper- 
ator has an infinite number of discrete eigenvalues, accumulating at zero. 

Since its discovery by Efimov in 1970 1 101, many works are devoted to this subject. See, 
for example, ^^Xi1L,25.,22.3Qj2JL'.^^- In particular, Yafaev gave a mathematically 
rigorous proof for the existence of such a phenomenon II33I . 

The main result obtained by Sobolev f291 (see also [311) is the asymptotics of the 
form Uo|^05|A|| for the number of eigenvalues on the left of A, A < 0, where the coef- 
ficient 1X0 does not depend on the potentials Va and is a positive function of the ratios 
mi/ni2, 7712/1113 of the masses of the three-particles. 

Recently the existence of the Efimov effect for iV-body quantum systems with TV > 4 
has been proved by X.P.Wang in l32l . 

In fact in [32] a lower bound on the number of eigenvalues of the form 

Co|;o.g(^o-A)| 

is given, when A tends to Eq, where Co is a positive constant and Eo is the bottom of the 
essential spectrum. 

The presence of Efimov's effect for the lattice three-particle Schrodinger operators has 
been proved (see, e.g., |3l|5l[ll[T7l[Tl|2T]|24l for relevant discussions and 1 8] |9l [HI EH 
|22,_24 27 34 36 1 for the general study of the low-lying excitation spectrum for quantum 
systems on lattices). 
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The systems considered in above mentioned works have a fixed number of quasi-particles. 
In the theory of soHd-state physics |24| and the theory of quantum fields 1121 interesting 
problems arise where the number of quasi-particles is bounded, but not fixed. At the same 
time the study of systems with a non conserved bounded number of particles is reduced to 
the study of the spectral properties of self-adjoint operators acting in "the cut" subspace 
!K„ of Fock's space, consisting of r < n particles [12' '23 "24 "351. 

The perturbation problem of an operator, with point and continuous spectrum (which 
acts in 'K2) has played a considerable role in the discussions about spectral problems con- 
nected with of the quantum theory of fields (see 1 12 1). 

The main goal of the present paper is to prove the existence of infinitely many eigen- 
values below the essential spectrum for a model operator H corresponding to the energy 
operators of systems of three non conserved particles acting in the subspace J-C^. 

More precisely, under some technical smoothness assumptions upon the family of the 
generalized Friedrichs model h{p), p E = (— tt, Tr]-^ (see I12II15I ') we obtain the fol- 
lowing results: 

(i) We describe precisely the location and structure of the essential spectrum of H by 
the spectrum of the generalized Friedrichs model. 

(ii) We prove that the operator H has infinitely many eigenvalues below the bottom of 
the essential spectrum, if the operator h{0) has a zero-energy resonance at the bottom of 
its essential spectrum. 

(iii) In the case (ii) we establish the following asymptotic formula for the number N{z) 
of eigenvalues of H lying below z < 

N(z) 

lim \' = Uo (0 < Uo < 00). 
2^-0 I log |z| I 

(iv) We prove the finiteness of eigenvalues of H, if h{0) has a zero eigenvalue at the 
bottom of its essential spectrum. 

We remark that the presence of a zero-energy resonance for the Schrodinger operators 
is due to the two-particle interaction operators V, in particular, the coupling constant (if V 
has in front of it a couling constant) (see, e.g.,| I 16 26 33 1 ). 

In our case it is remarkable that the presence of a zero-energy resonance at the bottom of 
the essential spectrum of generalized Friedrichs model (consequently the existence of the 
infinitely many eigenvalues of H) is due to the annihilation and creation operators acting 
in the symmetric Fock space. 

We also notice that the assertion (iv) is also surprising and similar assertions have not 
been proved for the three-particle Schrodinger operators on M.^ or Z''. 

We remark that the operator H has been considered before, but the existence of infin- 
itely many eigenvalues below the bottom of the essential spectrum of H has only been 
announced in 1 19| and in the location of the essential spectrum of H has been established 
in |20|. 

The organization of present paper is as follows. Section 1 is an introduction to the whole 
work. In section 2 the model operator is described as a bounded and self-adjoint operator 
H in the subspace Jf 3 and the main results of the present paper are formulated. In Section 
3, we study some spectral properties of h{p),p E . In section 4 we describe the essential 
spectrum of H. In Section 5, we reduce the eigenvalue problem to the Birman-Schwinger 
principle. In section 6 we prove the part (i) of Theorem 12.91 In section 7, we give an 
asymptotic formula for the number of eigenvalues. Some technical material is collected in 
Appendix A. 
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Throughout the present paper we adopt the following conventions: For each 6 > the 
notation Us{0) = {p E : \p\ < 6} stands for a (5-neighborhood of the origin. 

Denote by T'^ the three-dimensional torus, the cube (— tt, tt]'^ with appropriately identi- 
fied sides. Throughout the paper the torus T'' will always be considered as an abelian group 
with respect to the addition and multiplication by real numbers regarded as operations on 

modulo (27rZ)3. 

2. Three particle model operator and statement of results 

Let us introduce some notations used in this work. Let be one-dimensional complex 
space and let L2{T^) be the Hilbert space of square-integrable functions defined on T'' and 
L|((T'^)^) be the Hilbert space of square-integrable symmetric functions on (T^^)^. 

Denote by J{ a direct sum of spaces Jfo = C\ Jfi = i2(T^), ^2 = i|((T)2), that 

is, J{ = J{o©?^l©?^2■ 
Let H be the operator in 3-C with the entries Hij : 'Kj — > = 0, 1, 2 : 



Hw = H*,, (i?ii/i)i(p) = uip)hip), (i?i2/2)l(p) = / v{q')f2ip,q')dq', 



where H*j : "Ki 'Kj , {j — i + l,i — 0,1) is the adjoint operator of Hij . 

Here fi € IKi, i = 0, 1, 2, uq is a real number, v{p) and u{p) are real-analytic functions 
on T'^ and w{p, q) is a real-analytic symmetric function defined on (T"^)^. 

Under these assumptions the operator H is bounded and self-adjoint in "K. 

We remark that, iJio and H21 resp. Hqi and H12 in the Fock space are called creation 
resp. annihilation operators. 

Throughout this paper we assume the following additional technical assumptions. 

Assumption 2.1. The real-analytic function w{p, q) which is symmetric on (T'^)^, is even 
with respect to {p,q), has a unique non-degenerate zero minimum at the point (0,0) € 
(T^)^ and there exist positive definite matrix W and real numbers h, hih > 0, Z2 7^ 0) 
such that 



Assumption 2.2. The real-analytic functions u(jp) and v{p) on are even and the func- 
tion u{p) has a unique non-degenerate minimum af G T^. 



is finite and hence we can define continuous function on T'', which will be denotes K{p). 

Since the function w{p, q) has a unique non degenerate minimum at the point (0, 0) G 
(T'^)^ and w(0, 0) = the function A(p) is positive. In particular, if -y(O) — then A(p) is 
a twice continuously differentiable function at the point p = Q (see proof of Lemma lAJl 

Assumption 2.3. (i) For any nonzero p e T'^ the inequality A(p) < A(0) holds. 
( ii) lfv{0) = 0, then A(ji) has a non-degenerate maximum at p — 0. 





H20 = 0, H21 = i/i2, (i?22/2)2(p, q) = w{p, q)f2{p, q) 




By Assumptions l2.1l and l2.2l for any p G the integral 

r v^{t)dt 
J w{p,t) 
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Remark 2.4. Let 

u{p) e{p) + c, v{p) = e{p), w{p, q) = £{p) + e(p + q) + e{q), 

where c > 0— is a real number and 

e{p) = 3 - cospi - cosp2 - cosp3, p = [pi,P2,Pz) G T^- (2.1) 

Then AssumDtions \2.1\\2.2\ and \2.3\ are fulfilled (see Lemma \A.l\ below). 

To formulate the main results we introduce a family of the generahzed Friedrichs model 
h{p),p e T^, which acts in ® ^2(1^) with the entries 

{hQo{p).fa)o = u{p)fo, hoi ^ '^^01, (2.2) 

hio = /ioi' {hii{p)fi)i{q) = Wp{q)fi{q), 

where Wp{q) — w{p, q). 

Let C be the field of complex numbers. 

The proof of the following variant of the Birman-Schwinger principle for the family 

h{p),p e T'^ is customary. 

Proposition 2.5. For any p G T'^ the number z e C \ [rriw (p) , Mw {p)] is an eigenvalue of 
h{p)jP G T'^ if and only if the number 1 is an eigenvalue of the integral operator given by 

mp.zmq) = / "^M^^ ^ e L.(T3), 

2[u[p) - z) J Wp(t) - z 

T3 

where the numbers (p) and M^, (p) are defined by 

iTT-wip) — mill w{p, q) and Mw{p) — max q). 

Let C(T3) be the Banach space of continuous functions on T'^. 

Assumption 2.6. For any p e T'^ and ijj £ C{T^) the integral 

v{t)'ijj{t)dt 
Wp{t) - mw{p) 

T3 

is finite. 

Remark 2.7. Let v be an arbitrary analytic function on and 

Wp{q) = heip) + heip + q) + h£{q), 

where the function e{p) is defined by ( 12. H and li,l2 > 0, li 
Then AssumDtion \2.6\ is fulfilled (see Lemma \A.2\ below). 

It should be noted that under Assumption l2.6l for any p £ the operator G(p, z) can 
be defined as a bounded operator on C{T^) even for z — m.^{p). 

Definition 2.8. Let Assumption IZ6l be fulfilled. The operator h{p),p G T'^, is said to 
have a resonance at the point z — mw{p) if the number 1 is an eigenvalue of the integral 
operator given by 

iGip,m^ipmiq) ^ / ^|M!)^, V. e C(T3), 

2[u[p) - mw[p)) J Wp[t) - mni(p) 



J3 



andv{p) ^ (provided u{p) ~ rriwip) 7^ 0). 
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Let us denote by Tess (H) the bottom of the essential spectrum of the operator H and by 
N{z) the number of eigenvalues of H lying below z < Tess {H). 
The main result of this work is the following. 

Theorem 2.9. (i) Assume AssumDtions \2.1V2.2\ and \2.3\ are fulfilled and let the operator 
h{Q) have a zero eigenvalue. Then the operator H has a finite number of negative eigen- 
values. 

(ii) Assume AssumDtions \2.1\\2.2\ and part (i) of AssumDtion l273\ are fulfilled and the oper- 
ator h{0) has a zero-energy resonance. Then the operator H has infinitely many negative 
eigenvalues accumulating at t^ss (H) — and the function N{z) obeys the relation 



Remark 2.10. The constant Uq does not depend on the function v and is given as a positive 
function depending only on the ratio ^ (with li, I2 as in Assumution \2.1\ . 

Remark 2.11. A zero-energy resonance (resp. a zero eigenvalue) o//i(0), if it does exist, 
is simple (see Lemma U^ below). 

Remark 2.12. We remark that if the AssumDtions \2. 1\ \2.2\ and part ( i) of Assumptions^ 

are fulfilled then Tess{H) = 0. 

Remark 2.13. We note that the assumptions for the functions u, v and w are far from the 
precise, but we will not develop this point here. 



In this section we study some spectral properties of the family of generalized Friedrichs 
model h{p), p e T"^ given by (12. 2> . which plays a crucial role in the study of the spectral 
properties of H. We notice that the spectrum and resonances of the generalized Friedrichs 
model have been studied in detail in [4 15 1. 

Let the operator ho{p) act in ® L2{T^) as 



The perturbation h{p) — ho{p) of the operator ho{p) is a two-dimensional bounded self- 
adjoint operator. Therefore in accordance with the invariance of the absolutely continuous 
spectrum under the trace class perturbations the absolutely continuous spectrum of h{p) 
fills the following interval on the real axis: 



lira 

^ ™o |log|z|| 



Uo (0 < Uo < 00). 



(2.3) 



3. Spectral properties of the operators h{p),p e 




CTaciHp)) = [mni{p),M^{p)]. 

For any p E and zEC\aac{h{p)) we define the function 




J3 



Note that A{p, z) is real-analytic in T'^ 



X (CWeiHp))). 



Lemma 3.1. Forallp e T"^ the operator h(p) has an eigenvalue z G C\<Tac(^(p)) outside 
of the absolutely continuous spectrum if and only if A{p, z) = 0. 
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Proof. The number z G C \ <Tac{h{p)) is an eigenvalue of hijj) if and only if (by the 
ProDOsition l2.5> A = 1 is an eigenvalue of the operator G{p^ z). According to Fredholm's 
theorem the number A = 1 is an eigenvalue for the operator G{p, z) if and only if 

<P) - ^ - o / —TTT = 0, that IS, A p, z) = 0. 

2 J Wp(t) - z 

T3 

□ 

Since the function A(0, •) is decreasing on (— cx), 0) and the function ^0(9) has a unique 
non-degenerate minimum at g = (see Lemma lA3l by dominated convergence the finite 
limit 



A(0,0) = lim A(0,2) 

z^ — 



exists. 



Lemma 3.2. Let Assumption^^\be fulfilled. The operator /i(0) has a zero-energy reso- 
nance if and only A(0, 0) = and u(0) ^ 0. 

Proof. "Only If Part". Let the operator h{Q) have a zero energy resonance. Then by 
Definition l2.8l the equation 



2m(0) J wo(t) 

T3 

has a simple solution t/j e C{T^). 

One can check that this solution is equal to the function v{q) (up to a constant factor). 
Therefore we see that 

viq) f v^{t)dt 

v(q) = 



2m(0) J wo{t) 

T3 

and hence 

2/ 



A(0,0) = .(0)- 1/^ = 
2 J wo{t) 

T3 



"If Part". Let the equality A(0, 0) = hold and v{0) ^ 0. Then only the function 

v{q) G C(T^) is a solution of the equation 

viq) f v{t)^{t)dt 

"^^'^ - MO) J ^MtT^ 

T3 

that is, the operator h{0) has a zero energy resonance. □ 

Lemma 3.3. Let AssumDtion Uj\ be fulfilled. The operator h{0) has a zero eigenvalue if 
and only ;/ A(0, 0) = and v{0) — 0. 

Proof. "Only If Part". Suppose / = (/o, /i), is an eigenvector of the operator h{Q) asso- 
ciated with the zero eigenvalue. Then /o, fi{q) satisfy the system of equations 

r u{0)fo + ^jv{q')fi{q')dq' = 

< , T3 (3.1) 

1 j^v{q)fo+Wo{q)fiiq)^0. 

From ( 13. U we find that /o and /i (q) , except for an arbitrary factor, are given by 
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and from the first equation of ( 13. 1> we derive the equahty 

A(0,0) = 0. 

Since the functions u'o(q) and v{q) are analytic on and the function WQ{q) has a unique 
non-degenerate minimum at the origin we can conclude that fi e L2{T^) if and only if 

v{0) = 0. 

"If Part". Let u(0) = and A(0, 0) = then the vector / = (/o, /i), where 
/o = const ^ 0, fi{q) = - ^[^^ fo, 

obeys the equation 

Ho)f = 

and 

/i e L2(t3). 

□ 

Lemma 3.4. Let Assumvtion \n\ be fulfilled and the operator h{0) have a zero-energy 
resonance (resp. zero eigenvalue). Then the vector f = (/o,/i), where fo and fi are 
given by i3.2\ . is the unique solution (up to a constant factor) of the equation h{0)f = 
andfi eLi{T^)\ LaCT^) (resp. fi e L^iT^)). 

Proof. Let the operator h{0) have a zero-energy resonance (resp. a zero eigenvalue). Then 
by Lemma llT^ Cresp. Lemma lT^ we have v{0) ^ (resp. w(0) = 0) and A(0, 0) = 0. 

One can check that / = (/o, /i) obeys the equation h{0)f = or the system of equa- 
tions ( 13. 1> . 

Since the functions W(){q) and v{q) are analytic on T"^ and the function wo{q) has a 
unique non-degenerate minimum at the origin we can conclude that fi E Li{T'^) \ L2{T^) 
(resp. /i e L2iT^)) if and only if t;(0) 7^ (resp. v{0) = 0). 

From the representation (13. 2> of fo and /i it follows that the subspace generated by the 
vector / = (/o, /i) is one dimensional. □ 



Lemma 3.5. Let Assumption UTn be fulfilled. 

( i) Let max A(p, 0) < 0. Then for any p G the operator h(p) has a unique negative 

eigenvalue. 

(ii) Let min A(p, 0) < and max A(p, 0) > 0. Then there exists a non void open set 

D <Z such that for any p E D the operator h(jp) has a unique negative eigenvalue and 
for p G T"^ \ Z? the operator h(p) has no negative eigenvalues. 

(Hi) Let min A(p, 0) > 0. Then for any p € the operator h{p) has no negative eigen- 
values. 

Proof, (i) Let maxA(p, 0) < 0. Since T'^ is a compact set and the function A(p, 0) is 
continuous on T'^ for all p £ T"^ we have the inequality 

A(p,0) <0. 

For any p eT^ the function A{p, •) is continuous and decreasing on (—00, 0] and 

lim A{p,z) = +00. 
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Then there exist a unique point z{p) E {—oo,0) such that A{p,z{p)) — 0. Hence by 
Lemma ini for any p E the point z{p) is the unique negative eigenvalue of h{p), p £ 

(m) Let min A(p, 0) < and max A(p, 0) > 0. 
Let us introduce the notation 

D = {peT^ ■.A{p,0) <0}. 

Since the function A{p, 0) is continuous on T'^ and T^^ is compact there exist points 
Po,Pi e T-^ such that 

min A(p,0) = A(po,0) < 0, maxA(p,0) = A(pi,0) > 

and we have that D isa non void open set. 

If p e D, then A{p, 0) < and it is proved as above that for any p E D, the operator 
h{p) has a unique negative eigenvalue. 

Since the function A(p, •) is decreasing on (— oo, 0] for all p E T'^ \ D and z < 0, we 
have 

A{p, z) > A{p,0) > 0. 

Then by Lemma lTTI for allp E \ D the operator h{p) has no negative eigenvalues. 
(Hi) Let min A{p, 0) > 0. Since T'^ is a compact set and the function A{p, 0) is con- 

tinuous on T'^ we have 

A(p,0)>0 for all p E 

and it is proved as above that for all p E T^, the operator h{p) has no negative eigenvalues. 

□ 



The following decomposition plays a crucial role in the proof of the asymptotics (12. 3> . 

Lemma 3.6. Assume AssumDtions \2.1\ and \2.2\ are fulfilled. Then for any pE Us{0),5 > 
sufficiendy small, and z < the following decomposition holds: 

hi _ 72 ^ 

A(p, z) = A(0, 0) + 27r^«^(0) ^ ^ {detwy ^ Tn^{p) - z^ (3.3) 

n 

+A("2)(m^(p)_2) + A(2o)(p^^)^ 

where A^"^^ (mi„(p) — z) {resp. A^^"-* (p, z)j is a function behaving like Oim^ij)) — z) 
(resp. 0(|pp)j as \'m^{p) — z| ^ (resp. p ^ 0). 

Proof. Let W{p, q) the function defined on Us{0) x T'^ as 

W{p,q) ^Wp{q + qo{p))~m^{p), (3.4) 

where qoip) E is an analytic function in p e Us{Q) (see Lemma lA.3> and is the non- 
degenerate minimum point of the function Wp{q) for any p E Us{0). 
We define the function A{p, Q on Us{0) x C+ by 

A(p,C)-A(p,m„(p)-C'), 

where C+ = {z E C : Rcz > 0}. Using ( 13 .4> the function A{p, () is represented as 



Aip, C) = uip) ^^^{p) + C~-,j dq. 



J3 
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Let Vs (0) be a complex ^-neighborhood of the point = G C. Denote by A* {p, t^) 
the analytic continuation of the function A{p,() to the region Us{0) x (C+ U Vi5(0)). 
Since the functions v{q), u{q),mw{q) and W{p, q) are even we have that A*{p, C) is even 
in p G Us{0)- Then by the asymptotics u{p) = u{Q) + 0(|pp) asp ^ we have 

A*(p,C) = A*(0,C)+A(2")(p,C), (3.5) 

where A(^"^(p, — 0(|pp) uniformly in C e C+ as p — > (see also L16J ). A Taylor 
series expansion gives 

A* (0, C) = A* (0, 0) + A(°i' (0, 0)C + A("2) (0, C)C^ (3.6) 

where A(02)(o,(;) =0(1) as C ^ 0. 
A simple computation shows that 



^^JM ^ A(«i)(0,0) = 27rV(0)^^pI(rfeW)-i (3.7) 

01V L 

The representations ii.5\ , ( 13. 6> and the equahty ( 13. 7> give ( 13. 3> . 

□ 

Corollary 3.7. AiiMme Assumptions \2.1\ and \2.2\ are fulfilled and let the operator h{0) 
have a zero energy resonance. Then for any p Cz Us{0), S > sufficiently small, and z < 
the following decomposition holds: 



A{p,z) = 2Tr^v'^{0) ^ ^ ^ idetW)-^y/m^{p)- z+ 



'1 



+A("2)(m^„(p)_^) + A(20)(p,z), 
where the functions A*^*^^^ (m^ (p) — z) and A'^*'^ (p, z) are the same as in Lemma \3~3\ 



Proof. The proof of Corollary 13.71 immediately follows from decomposition (13. 3> and 
Lemma □ 

Corollary 3.8. Assume Assumptions 12. l\ and \2.2\ are fulfilled and let the operator h{0) 
have a zero energy resonance. Then there exists S > such that for any p e Us{0), p 7^ 

A(|7,0)>0, that is, A(p)<A(0). (3.8) 

Proof. By Corollarv l3.7l and the asymptotics (see part (ii) of Lemma lA.3> 



'ip) = %AiWp,p) + 0{p^) as p^O (3.9) 



we get 



2^V(0)^^^p(deW)'^v/;^ > |A(2")(p,0)| 
forp (1 Us{0),p ^ 0, S > 0— sufficiently small. This inequality gives (13. 8> . □ 



Lemma 3.9. Assume Assumptions 12. 712.21 and \2. 3\ are fulfilled and let the operator h{0) 
have a zero-energy resonance. Then there exist positive numbers c, C and S such that 

c\p\ < A(p,0) < C\p\ for any p e Us{0) (3.10) 

and 

A(p,0)>c forany peT^\Us{0). (3.11) 
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Proof. From \33\ and \3.9\ we get O.lOl l for some positive numbers c, C. 

By Assumptions 12 . 21 and 12 . 31 we get A(p, 0) > 0, p 7^ 0. Since A(p, 0) is continuous 
on and A(0, 0) we have dITn for some c> 0. □ 

Lemma 3.10. Assume Assumptions \2.1l2.2\ and \273\ are fulfilled and let the operator h{0) 
have a zero eigenvalue, then there exist numbers 5 > Q and c> Q so that 

|A(p,0)| > cp^ for all p e Us{0), 

|A(p,0)|>c for all pet^\Us{0). 

Proof. Let the operator h{0) have a zero eigenvalue. By Lemma l33l we have A(0, 0) = 
and ^(O) = 0. By Assumptions 12 . 21 and 12 . 31 the function A{p,0) = u{p) — ^A(p) has a 
unique non-degenerate minimum at p = 0. Then there exist positive numbers 6 and c such 
that the statement of the lemma is fulfilled. □ 

4. The essential spectrum of the operator H 
We consider the operator H acting in = ^2(1^) ® i2((T^)^) as 

^//,(^) N /"(p)/i(p) + ^/-(<z')/2b,.'W\ 

The operator H commutes with any multiplication operator U~f by the function j{p) acting 
in 5f as 

( ) ^ ( ) 

Therefore the decomposition of the space !K into the direct integral 

:k = y" ®'k{p)dp, 

T3 

where 'K{p) = ® L2(T^), yields for the operator H the decomposition into the direct 
integral 

j ®h{p)dp, (4.1) 

where we recall that the fiber operators h{p) , p E , sae defined by (12. 2t . 

4. 1 . The spectrum of the operator H. 

Lemma 4.1. For the spectrum u{H) of H the equality 

a{H) = UpeT^adihip)) U [0,M] 
holds, where ad{h{p)) is the discrete spectrum ofh{p),p G T'^. 

Proof. The assertion of the lemma follows from the representation J4.lt of the operator H 
and the theorem on decomposable operators (see 1281 '). □ 

Set 

c^twoiH) ^Up(zT3ad{h{p)), (4.2) 
a = inf (Ttoo(ff), b= snpatwoiH). 
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So by Lemma Ism the operator h{p),p e T'^, has in the interval (Af, +00) either one or 
zero number of eigenvalues. Hence the location and structure of the essential spectrum of 
H can be precisely described as well as in the following 

Lemma 4.2. Assume Assumption Vl.lM s fulfilled and let Afp. < Q for any p a T^. 

(i) Let max A(n, 0) < 0, then 

pGT3 

a{H) = [a, h] U [0, M] and b < 0. 
(ii) Let min A(p, 0) < and max A{p, 0) > 0, then 

<t{H) = [a, M] and a <0. 
(Hi) Let min A(p, 0) > 0, then 

a{H) = [0,M]. 

Proof, (i). Let max A(p, 0) < 0. Then by Lemma l331 for all p E the operator h{p) 

has a unique negative eigenvalue z (p) < (p) . 

By Assumptions 12. II and 12.21 and Lemma ITTI z : p G T"^ — > z(p) is a real analytic 
function on T'^ . 

Therefore Imz is a connected closed subset of (—00, 0), that is, Imz = [a, b] and b < 
and hence atwo{H) — [a, 5]. 

{ii). Let min A(p, 0) < and max A(p, 0) > 0. Then by assertion [ii] of Lemma l3.5l 

there exists a non void open set D such that for any p E D the operator h{p) has a unique 
negative eigenvalue z{p). 

Since for any p E the operator h{p) is bounded and T'^ is compact set, there exist a 
positive number C such that sup | 1 1 < C and for any p G T'^ we have 

pGT3 

a{h{p))c[-C,C]. (4.3) 

For any q E dD ^ {p Ef^ : A(p, 0) — 0} there exist {pn} C I? such that p„ ^ q 
as n ^ 00. Set z„ = z{pn). Then by Lemma 1331 for any p„ e the number z„ is 
negative and from ( 14. 3> we get {z„} C [— C, 0]. Without loss of a generality we assume 
that {zn} ^ as n — > 00. 

The function A(p, z) is continuous in T'^ x (—00, 0] and hence 

0= lim A(p„,z„) = A((7, zo)- 

n — ^00 

Since for any p e the function A(p, •) is decreasing in (—00, 0] and p E dD we can 
see that A(p, zq) — if and only if zq = 0. 
For any q E dD we define 

z{q) = lim z(p) = 0. 

p— ♦q.pSD 

Since the function z{p) is continuous on the compact set DUdD and z{p) — 0, p E dD 
and we conclude that 

Imz = [a, 0], a < 0. 

Hence the set 

{z E atwo{H) ■■ z <0} = UpfzjsadiMp)) n (-00, 0] 
coincides with the set Imz = [a, 0]. Then Lemma |4J1 and (14. 2> complete the proof of {ii). 
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{in). Let min A(p, 0) > 0. Then by Lemma 1331 for all p £ T'^ the operator h{p) has 

no negative eigenvalues. 
Hence we have 

cr{H) ^ [0,Af]. 

□ 

Lemma 4.3. The essential spectrum <Jess{H) of the operator H coincides with the spec- 
trum of H, that is, 

aess{H)=a{H). (4.4) 

Proof. In 1201 it has been proved that the essential spectrum aess [H) of the operator H 
coincides with (Ttiuo{H) U [0, A/]. By Lemma lTTI we have ( I4.4> . □ 

From Lemmas |4. 21 and |431 we have the following theorem. 

Theorem 4.4. Assume Assumvtion XI.lM s fulfilled and let Afp. Af) < for any p G T'^. 
(i) Let max A(n, 0) < 0, then 

aess{H) = [a, b] U [0, M] and b<0. 
(ii) Let min A(p, 0) < and max A(p, 0) > 0, then 

(Jess{H) — [a.M] and a < 0. 
(Hi) Let min A(», 0) > 0, then 

p6T3 

= [0,Af]. 

5. The BiRMAN-SCHWINGER PRINCIPLE 

In this section we prove an analogue of the Birman-Sch winger principle. 
Let M{z), z < T^ssiH), z ^ uq the operator in 3-C with entries 

Moo{z) = Mn{z) = M22{z) = Mo2{z) = A'hoiz) = 0, 

otherwise 

Af„/5(^) = -i?I(z)i?a/3-R|(z), 

where Ra{z) — [Haa — , a = 0, 1, 2. 

Proposition 5.1. The number \ > \ is an eigenvalue of the operator Af(z), z < t^ss (H), 
z 7^ uq if and only if the number is an eigenvalue of the operator in _L2(T'') given by 

V{z) = R\{z)HwRa{z)HwRl{z) + RI{z)Hi2R2{z)H2iR\{z). 
Moreover the eigenvalues A and A^ have the same multiplicities. 

Proof. Let A > 1 be an eigenvalue of Af (z), that is, the equation M{z)f = A/ or a system 
of equations 

-Moi{z)fi = A/o 

-Mio(z)/o - Afi2(z)/2 = A/i (5.1) 
-M2i(z)/i = A/2 
has a nontrivial solutions. 

From the first and third equations of the system i5.1\ for fa, en = 0, 2 we get 

/a = -hdaiiz)fi,a^0,2. 
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Substituting the latter expression for fa, a — 0, 2 into the second equation of the system 
(15. 1> we have the following 

V{z)h = AVi, /i e L2{T^) (5.2) 



and this equation has a nontrivial solution if and only if the system of equations i5.2\ has 
a nontrivial solution and the linear subspaces of solutions of ( 15. H and i5.2\ have the same 
dimensions. □ 

In our analysis of the spectrum of H the crucial is role played by the compact integral 
operator T(z), z < Tess{H), z ^ UQin the space L2{T^) with the kernel 



v{p)v{q) 



1 1 



2{w{p,q)~z) uq-z 










( 



























H22 1 


K 


H21 






v'A(p,z)^A(g,z) 

For a bounded self-adjoint operator A, we define n{X, A) as 

n{X,A) ^ sup{dimF : {Au,u) > X, u e F, \\u\ \ ^ 1}. 

n{X, A) is equal the infinity if A is in essential spectrum of A and if n{X, A) is finite, it is 
equal to the number of the eigenvalues of A bigger than A. By the definition of N{z) we 
have 

N{z) = n{~Z, -H), -Z > ~Tess{H). 

The following lemma is a realization of well known Birman-Schwinger principle for 
the operator H (see iBI I^I?!! ). 

Lemma 5.2. The operator T{z), z ^ ut^ is compact and continuous in z < Tess (H) and 

iV(z) =n(l,T(z)). (5.3) 

Proof. Since 

H = 

and Hii — z,i ~ 0,1, 2is positive and invertible for z < T^ssiH), z ^ Uq (for simplicity 
we assume z > UQ,if then z < uq the operator —{Hqq — z) is positive) one has / G and 
{{H^zT}f,f) < Oifandonlyif ((M(z)-I)w,i;) > and ^;^ = {H,^- z)^ fr,i = 0,1,2, 
where I is the identity operator on "K. 
It follows that 

N{z)=n{l,M{z)). (5.4) 

Using Proposition l5 . II we get 

n{l,M(z))^n{l,V{z)). (5.5) 

Now we represent the operator H21 as a sum of two operators h'^^ and acting 
from L2(T3)toL2((T3)^)as 

{H^2^'h){P:q) = \v{p)fi{q), {H^l^ fi){p, q) = lv{q)f,{p). 

Thentpe L2(T3) and {{V{z) - I)tp,ip) > Oiffi/' = and 
{{H^^ - z - Hi2R2{z)H^l^)^l;,^P) < {HioRo{z)Hio^,i;) + iHi2R2iz)H^l^^p,^P), 
where / is the identity operator on L2(T'^). This fact means that 

n(l, V{z)) = n{-z, Hn - H^2R2{z)H^2i - HioRo{z)Hoi - H^2R2{z)H^2i)- (5-6) 
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Since z < Tess{H), for any p E T'^ the function A{p, z) is positive and hence the 
operator Hn — z — -ffi2i?2(2)i?2i positive and invertible and 

^H,, - z - H,2R2{zMl^)-^ = RUz) > 0. 
A direct calculation shows that 

n{-z, i/n - HuR2{z)H^l^ - HiMz)Hoi ~ i?i2i?2(^)i?i}^ = n{l,T{z)). (5.7) 



The equalities ( I5.4t .( l5.5t . \5.6l and \5.1\ gives \53\ . 

Finally it we note that the operator z Uq is compact and continuous in z < 

Tess{H). □ 

6. The finiteness of the number of eigenvalues of the operator H. 

Lemma 6.1. Assume Assumvtions ]2.1\2.2\ and \2.3\ are fulfilled and let the operator h{0) 
have a zero eigenvalue. Then the operator T{z), z ^ uq, (uq ^ 0) belongs to the Hilbert- 
Schmidt class and is continuous from the left up to z ~ 0. 

Proof. Since the function v{p) is analytic, even and u(0) = we have \v{p)\ < C|pp 
for some C > 0. By virtue of Lemmas 13.91 13.101 and IA.4l the kernel of the operator 

T{z), z <0, z ^ uo, (uo 7^ 0) is estimated by 



C 



\p\ p2 q2 

where xs{p) is the characteristic function of Us{0). 

Since the latter function is square integrable on (T^)^ we have that operator T(z), z ^ 
uq is a Hilbert-Schmidt operator. 

The kernel function of T{z), z ^ uq is continuous in p,q e T^, z < and square 
integrable on (T'^)^ as z < 0. Then by the dominated convergence theorem the operator 
r(z) is continuous from the left up to z = 0. □ 

We are now ready for the 

Proof of (i) of Theorem l2.9l Let the conditions part (i) of Theorem l2.9l be fulfilled. 
Case Uq ^ 0. By Lemma l5T2l we have 



N{z) = n(l, r(z)), z ^ uo as z < 
and by Lemma lOl for any 7 e [0, 1) the number rt(l — 7, T(0)) is finite. Then we have 

n(l, T(z)) < n{l - 7, T(0)) + 71(7, T(z) - T(0)) 

for all z < 0, z 7^ uq and 76 (0, 1). This relation can be easily obtained by use of the 
Weyl inequality 

n(Ai + X2,Ai + A2) < 7i(Ai, ^1) + 7i(A2, ^2) 

for sum of compact operators Ai and A2 and for any positive numbers Ai and A2. 
Since T(z), z 7^ uq is continuous from the left up to z = 0, we obtain 

lim N{z) = N{0) < n{l - 7, T(0)) for all 7 e (0, 1). 

Thus 

iV(0) < n(l -7,T(0)) < 00. 
The latter inequaUty proves the assertion (i) of Theorem l2.9l in case uq ^ 0. 
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Case uo = 0. First we represent the operator T{z), z < as a sum of two bounded 
operators T^^'>{z),z < and r(2)(z), z < acting on L2{T^) as 



We remark that the range of the operator T'^^)(z) is one and hence n(l,T(2)(z)) < 1 
for any z < 0. Then according to Lemma l5T2l and the Weyl inequaUty, for all z < and 
7 e (0, l)we obtain 



Since T(^'(z) is continuous from the left up to z = 0, we obtain A^(0) < n(l — 7, T(0)) 
for all 7 G (0, 1). The latter inequality proves the assertion (i) of Theorem 12.91 in case 



7. ASYMPTOTICS FOR THE NUMBER OF EIGENVALUES OF THE OPERATOR H. 

In this section we shall closely follow A. Sobolev's method |29| to derive the asymp- 
totics for the number of eigenvalues of H. 

We shall first establish the asymptotics of n(l, T(z)), z ^ uq as z —0. Then Theo- 
rem l2.9l will be deduced by a perturbation argument based on the following lemma. 

Lemma 7.1. Let A{z) = Aq{z)-\- Ai{z), where Af){z) {Ai{z)) is compact and continuous 
i« z < (z < 0). Assume that for some function /(■), /(z) — > 0, z ^ —0 the limit 





N{z) ^ n(l,T(z)) < n(l - l,T^^\z)) + L 



Uo = 0. 



□ 




w{P,<l) = ^{h{Wp,p) + 2h{Wp,q) + h{Wq,q))+0{\p\^ + \q\^) as g ^ 



0. (7.1) 



By the ( 13. 9> and Corollarv l3.7l for any sufficiently small negative z we get 



^(P' ^) = ^T^^^^^ 1 [n{Wp,p) - 2z]^ + 0(|p|2 + |z|) as p, z 0, 



(7.2) 



where 




n = {ll-ll)/h. 
Let T{5; |z|), z 7^ mq 7^ be an operator on L2(T'^) defined by 

I|ww^ , [ Xs{p)Xs{q){n{Wp,p) + 2\z\r^/^{n{Wq,q) + 2\z\r^/^ 
KO,\z\)j)^^p) aoj l,{Wp,p) + 2h{Wp,q) + h{Wq,q) + 2\z\ 



f{q)dq, 



where xs{') is the characteristic function of Us{0) — {p : \W2p\ < S} and 



do = 



detW^ I 
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The main technical point to apply Lemma fTTl is the following 



Lemma 7.2. Let Assumptions \2.1\ \2.2\ and part ( i) of Assumption 12.31 be fulfilled and 
uq =/= 0. Then the operator T{z) — T{d; \z\), z ^ uq belongs to the Hilbert-Schmidt class 
and is continuous in z < 0. 

Proof. Applying the asymptotics (I7.1> .( l7.2t and Lemmas |3 . 9l and lA!4l one can estimate the 
kernel of the operator T{z) — T{6; \z\), z ^ uo {uq ^ 0) by 

c[{p' + qT' + \prHp^ + qT' + + q'r' + 1] 

and hence the operator T{z) — T{6; \z\), z ^ uq belongs to the Hilbert-Schmidt class for 
all z < 0. In combination with the continuity of the kernel of the operator in z < this 
gives the continuity of T{z) — T{S; \z\), z ^ uq in z < 0. The details are omitted. □ 

Let us now recall some results from |29|, which are important in our work. 
Let Sr : i2((0, r) x cr) -^2((0, r) x a) be the integral operator with the kernel 

S{y;t) = (27r)-2 J 

' ^ ' coshy + st 

and 

2 ll ^^ „_'2 



r = 1/2| log \z\ly = x- x', i =< ^, >, G I = 



— ^2 ^1 



CT = L2(S^), §^ being the unit sphere in R^. 

The coefficient in the asymptotics of N{z) will be expressed by means of the self adjoint 
integral operator S(A), A € R, in the space L2(S^) whose kernel depends on the scalar 
product t =< ^, 7/ > of the arguments ^,rj E §^ and has the form 

S(A) = i2nrH ^"^b[A(«rcco..^)] 
(l-s2t2)^sinh(7rA) 

For /i > 0, define 

[/(a*) = (47r)-i / n{fi,S{y))dy 



and set Uq = U{1). 

The following lemma can be proved in the same way as Theorem 4.5 in f29V 

Lemma 7.3. The following equality 

lim ir-in(^,Sr) = U{p) 

r— ♦oo Z 

holds. 

The following theorem is basic for the proof of the asymptotics i2.3\ . 
Theorem 7.4. Let uq ^ ( with uq as in ). The equality 

Una 4^4^ = lr-in(l,Sr) 

|zHO \log\z\\ r^oo 2 ^ ' ^ 

holds. 

Remark 7.5. Since is continuous in /i, according to Lemma \7J\ anv perturbations of 
the operator ^o(^) defined in Lemma [TTTI which is compact and continuous up to z — 
do not contribute to the asymptotics i2.3\ . During the proof of Theorem \7.4\ we use this 
fact without further comments. 
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Proof of Theorem 17.41 Let uo ^ 0. As in Lemma l7!2l it can be shown that T{z) — 
T{S; \z\), z ^ Uo defines a compact operator continuous in z < and it does not contribute 
to the asymptotics i2.3\ . 

The space of functions having support in Us{0) is an invariant subspace for the operator 

T{d; \z\), z ^ uq. 

Let Tq{6;\z\), z ^ Uq he the restriction of the operator T{S; \z\), z ^ to the sub- 
space L2{Us{0))- One verifies that the operator Tq{S; \z\), z uq is unitary equivalent to 
the following operator To{6; \z\), z ^ uq acting in L2{U5{0)) as 

(To{S; \z\)f){p) = di / , 2 I 0/ / \,i 2i 01 I fwdq, 

Jus(o) hp-' + 2l2(p,q) + hq^ + 2\z\ 

where 

di = (27r2)-iZp. 
Here the equivalence is performed by the unitary dilation 

Y : L2{Usm ^ L^mO)), (Y/)(p) - f{U~h)- 

The operator To{S;\z\), z ^ uq is unitary equivalent to the integral operator Ti((5; |z|) : 
L2iUriO)) L2{UriO)) with the kernel 

(np^ + 2|z|)'i/4(„g2^2|z|)-i/4 
' liP^ + 2l2{p, q) + hq^ + 2 ' 

where Ur{0) = {p G : |p| < r}, r — \z\^i , z ^ uq. 
The equivalence is performed by the unitary dilation 

B,, : L2{Usm L2{Urm, (B,/)(p) = (^-yV^ f{^-p). 

6 r 

Further, we may replace 

(V + 2)-l/^ {nq^ + 2)-i/4 and hp' + ihij), q) + hq^ + 2 

by 

(Vr'/'(1-Xi(p)), (Vr'/'(1-Xi(<z)) and hp' + 2l2{p.q)+Wq\ 

respectively, since the error will be a Hilbert-Schmidt operator continuous up to z = 0. 
Then we get the integral operator T2{r) on L2(Ur{Q) \ UiiG)) with the kernel 



{n) 2di- 



|p|-l/2|g|-l/2 



/lp2 + 2/2(p,g)+/ig2- 

By the dilation 

M : L2{Ur{Q) \ Ui{0)) L2((0, r) x a), 

where (M f){x, w) = e'^^/^/(e^w), x € (0, r), w e one sees that the operator T2(r) 
is unitary equivalent with the integral operator Sr . □ 

Proof of (ii) of Theorem l2.9I Let the conditions part (ii) of Theorem l2.9l be fulfilled. 

Case Uq ^ 0. Similarly to f29l we can show that 

Uo = U{1) >^ J 71(1, S(0)(y))dy > ^mes{y : S^°\y) > 1}, (7.3) 
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where S*^°^ (y) is the multiplication operator by number 



smh.{yarcsins) 
sy cosh ^ 



2 

in the subspace of the harmonics of degree zero. 

The positivity of Uq follows from the facts that I > 1, S'^°^(0) > 1 and continuity of 
S'^^^y). Taking into account the inequality ( 17. 3> and Lemmas 15.21 17 .41 17.31 we complete 
the proof of (ii) of Theorem l2.9l in case uq ^ 0. 

Case Uq — 0. Since n(l, T'-^^z)) < 1 for any z < according to the Weyl inequality 
for all z < and 7 e (0, 1) we obtain 

n(l + 7,r(i)(z)) < n{l,T{z)) < n{l - -f,T^^\z)) + 1. 
From the latter inequality we have 

[/(l + 7)< lim "ll'^^f <[/(l-7). 
\z\^o \log\z\\ 

After this remark from the continuity of the function [/(•) it follows 

lim ^fl^ = [/(I) ^ Uo. 
\z\^Q \log\z\\ 

The latter equality and Lemma ls!2l completes the proof of (ii) of Theorem 12. 91 in case 
uo = 0. □ 

Appendix A. 

Lemma A.l. Let 

u(jp) = e{p) + c, v{p) = e{p), w{p, q) = e{p) + e{p + q) + e{q), 

where c > 0— is a real number and the function e{p) is defined by (??) Then Assumptions 
\2.1\\2.2\ and \2.3\ are fulfilled. 



Proof. It is easy to see that Assumptions 12. Il and l2.2l are fulfilled. 

We prove that Assumption l2.3l is fulfilled. Since q) and u(p) are even the function 
A(p) is also even. 

Then we get 

A(P) - A(o) ^ \ I ^""^^^ + "7^^» K(o + ^-At)ym- (A.1) 

A J Wp{t)w^p[t)wo(t) 



T3 



1 f [Wp(t) - W^p{t)] ^ 2 



47 Wp{t)w^p{t)wo{t) 

f3 



v\t)dt. 



From the equality 



u'olO - ' ^^"^ ' = ^(cosp, - 1)(1 + COS to 

and (lA.H we get for all nonzero p G T'' the inequality 

, /■E,ti(cosp,-l)(l + cost,)i;2(i)dt 1 /• 
A(p)-A(0)= / — / ^^^f > 'ft)dt<0, 

■f3 J3 

that is, part (z) of Assumption l2.3l holds. 
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Since for any p, q E T'^ ,p ^ the inequality Wp{q) > holds for any nonzero p € 
the integrals 



and 



T3 



= 1,2,3 



K(t))3 

T3 

are finite and the finiteness of these integrals at the point p — follows the fact that 
v{0) = 0. After this remark we can define bounded continuous functions on T"^, which 
will be denotes by A^-j-* (p) and A,-^"* (p), respectively. 

Then the function A{p) is a twice continuously differentiable function on and 

''^^"^--A«(p)+Ag)(p), = 1,2,3. 



dpidpj 



Since 



^—wo[t) = smti, 

OPt 

-Wo{t) = 1 + COS ti 



we get 



dpidpt 

-— -— wo(0=0, « 7^ J, «,j = 1,2,3 
dpidpj 

d^AjO) _ _2 / " cos^s)(l + cost,y{t)dt 

dpidpi J iwo{t))^ 

d^HO) _n f sinUsint^v^ {t)dt .. 
dp.dp,-'j {w,{t)f ' *^J'*'^-1'2.^- 

Since the function v is even on T"^ from the latter two equalities we get 

opidpi opidpj 

Using these facts, one may verify that the matrix of the second order partial derivatives 
of the function A{p) at the point p = is negative definite. Thus the function A{p) has a 
non-degenerated maximum at the point p = 0. □ 

Lemma A.2. Let v be an arbitrary analytic function on T'^ and 

Wp{q) = he{p) + hsip + (?) + heiq), 

where Ij > 0,j = 1,2, li ^ I2 and the function e{p) is defined by ( 12. U . Then for any 
p G and G C{T^) the integral 

v{t)i!{t)dt 



J3 

is finite. 



Wp{t) - m^{p) 
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Proof. The function Wp{q) can be rewritten in the form 

3 

Wp{q) = ei{p) + 3(?i + h) - '^{a{pj) cos Qj + c{p.j) sinpj), (A.2) 

1=1 

where the coefficients a{pj) and c{pj) are given by 

a{pj) = I2 cospj + li,c{pj) = -I2 sinpj. 
The equality imphes the following representation for Wp (q) 

3 

Wp(q) = £i(p) + 3(/i + ^2) - ^r(pj)(cosgi - qo{pi))- (A.3) 

where 

r(pi) = \/a'^ipi) + c^ipi), qoiPi) = arcsin4^> Pi ^ (-'r,'^]- 

r(Pi) 

Therefore 

3 

m^(p) = mmwp{q) = ei(p) + 3(?i + h) - ^r{pi). (A.4) 
From (IA.3> and iAAi we have 

3 

Wp{q) - TOi„(p) = ^r(p,,)(l - cos((7j - qofe))- 

Since Ij > 0,j = 1, 2, 7^ ^2 for any p e the function Wp{q) — niwip) has a unique 
non-degenerate minimum at the point q = qo{p) — (<Zo(pi), Qo{P2) , qoiPa)) , therefore for 
any p E the integral 

v{t)4){t)dt 



Wp{t) - mu,{p) 

T3 

is finite. □ 



Lemma A.3. Let Assumption UJi be fulfilled. Then there exists a 5-neighborhoodUs{0) C 
of the pointp = andan analytic function qo{p) defined on Us{0) such that: 

(i) for any pCzUsiO) the point qo{p) is a unique non-degenerate minimum of the function 
Wp{q) and 

9o(p) = -rP + 0(|pP) asp^O. 

(ii) The function mw[p) = Wp{qo{p)) is analytic in Us{0) and has the asymptotic form 

mUp)^^^^iWp,p) + 0{\p\^) as p^O. (A.5) 
Proof, (i) By Assumption l2.1l we obtain wo{q) > wo{0), q ^ and 



7(0 /9«0") 



= hW. 

1,3 = 1 



Since is a positive matrix the function wq [q) has a unique non-degenerate minimum 
at g = 0, the gradient \/wo{q) is equal to zero at the point q = 0. 
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Now we apply the implicit function theorem to the equation 

Then there exists a ^-neighborhood Us{0) of the point p = and a vector function qo{p) 
defined and analytic in Us{0) and for all pGUs{0) the identity \/Wp{qo{p)) = holds. 

Denote by B{p) the matrix of the second order partial derivatives of the function Wp{q) 
at the point go(p)- The matrix B{0) — liW is positive definite and B{p) is continuous in 
Us{Q) and hence for any p e Us{0) the matrix B{p) is positive definite. Thus qo{p), p G 
Us{0) is the unique non-degenerate minimum point of Wp{q). 

The non-degenerate minimum point qo{p) is an odd function inp E Us{0)- 
Indeed, since w{p,q) is even with respect {p,q) we get Wp{—q) = W-p{q), and we 
obtain 

■w-pi-qoip)) m^{p) ^ m^{-p) w^p{qo{-p)). 
Since for all p £ Us{0) the point go (p) is the unique non-degenerate minimum of Wp (q) 
we have 

qohp) = ~qo{p)- 

By Assumption l2.1l and the Taylor expansion we get 

Wp{q - j^p) = |(T4^g, q) + ^^^iWp,p) + 0{\q\^ + \p\*) as q,p 0. (A.6) 
Since Wp{qo{p)) ~ min Wp{q) < Wp{—YP) and qo{p) is odd we have 

|(M/^(gob)+|^p))' + tl(M^p,p)+0(|p|4) < ^l_A(Wp,p)~^0{\p\^) asp^O, 
that is, 

hiW^qoip) + ^p))' < 0{\p\^) as p e UsiO). 

This inequality is not valid if qo{p) has the asymptotics qo{p) + j^p = 0{\p\) as p ^ 0. 
Since qoip) is an odd analytic function, we have qoip) + ^p — 0(|pp) as p — > 0. 

(ii) Since the functions w{p, q), p,q E and qo{p), p G Us{Q) are analytic we have 
that the function m^{p) — 'Wp{qo{p)) is also analytic on p G Us{0)- 

By qo{p) = — ^P + p—^0 and iA.6\ we get the asymptotics iA.5\ . □ 

Lemma A.4. There exist numbers Ci, C2, C3 > and 5 > Q such that the following 
inequalities 

ii) C^iW + \q\^)<w(p,q)<C2{\p? + \q\^) for all p,qeUs{0), 
{ii) w{p,q)>C3 for all {p,q) i Us{0) x Us{0) 

hold. 

Proof. By Assumption l2. li the point (0, 0) G (T'')^ is unique non-degenerated minimum 
of w{p, q). Then by (IA.6> there exist positive numbers Ci, C2, C3 and a (5— neighborhood 
of p = G T'^ so that (?) and {ii) hold true. □ 
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